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ABSTRACT: For low space dimensions, the conventional Flory-Huggins theory fails to describe accurately 
the phase separation that occurs a t  low temperatures in polymer solutions. Two-dimensional linear chains 
and three-dimensional randomly branched polymers belong to this category. We give a scaling approach to 
the collapse of a single polymer chain and to the phase separation for both cases. The results differ drastically 
from the classical results: For the critical point we find for two-dimensional linear chains T~ - N-2/3 and 
C, - N-lI3 and for three-dimensional branched chains T~ - N-11/16 and C, - N-5/16, where N is the molecular 
weight, C the monomer concentration, and 7 the reduced temperature, [ ( T -  0)1/0. A law of corresponding 
states is obtained for systems with different molecular weights. On the high-concentration side of the coexistence 
curve we find C - T ~ / ~  and C - r5/11 for the two cases quoted above. We also study the crossover between 
the “branched” and “linear” behavior for branched chains made of both bi- and trifunctional units when the 
fraction of branch points is varied. 

I. Introduction 
There has recently been renewed interest in the con- 

figurational properties of large randomly branched poly- 
mer~.~-’ The conformation of a single such macromolecule 
in a good solvent has been worked with a Flory-type 
theory and E expansion, where E = 8 - d (d, dimension of 
space), giving results in good agreement with computer 
simulations and an exact result derived by Parisi and 
S0urlas7 for d = 3. The Flory theory has also been applied 
to 8 solvents. Here, the temperature 8 is definedIg as the 
limit as the number N of units tends to  infinity of the 
temperature where the second virial coefficient vanishes. 
An alternative definition is the limit of the temperature 
of the critical point of the phase separation curve, in the 
same N - a limit. 

For good and 8 solvents, the classical results, derived 
earlier by Zimm and Stockmayer,8 are recovered only for 
d larger than or equal to 8 and 6, respectively. 

For lower quality solvents, as for any binary mixture, 
we expect a phase separation to occur. The aim of this 
paper is to study this demixing. From what has been said 
above concerning the 8 point, we expect that there should 
be large deviations from a Flory-Hugginsg type of ap- 
proach. The reasons lie in the approximations involved 
in such a theory: (i) The polymers are supposed to overlap 
very strongly in the concentrated regime. (ii) Fluctuations 
are neglected and the results are on the level of a mean 
field theory. 

Branched polymers do not overlap strongly in the con- 
centrated regime for d less than 4,5 which are of interest. 
Moreover, because the critical dimension in the 8 regime 
is 6, we can expect fluctuations to be important for actual 
systems. For d = 6, the Flory-Huggins approach should 
be adequate. 

At this point, we note that a similar situation occurs for 
linear chains in two dimensions. In this case, it was 
pointed out recently that a polymer has its ideal Gaussian 
configuration only for space dimensions at  least equal to 
3.l’ So we expect fluctuations to be important for d = 2. 
Further,15 concentrated linear-chain solutions in two di- 
mensions do not interpenetrate strongly. Again, as for 
branched polymers, we expect the phase separation curve 
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for two-dimensional linear systems to be different from the 
Flory-Huggins predictions. 

In this paper, our aim is to give a description of the 
phase separation at  the level of a Flory-type theory. I t  
turns out that knowledge of the behavior of a single 
polymer chain, linear or branched, in solution is sufficient 
to provide both the location of the critical point of the 
coexistence curve and a law of corresponding states relating 
different molecular weights.l’ For the single-chain problem 
we will use the Flory approach to provide the various 
exponents required. Then a scaling theory is constructed 
for the phase separation curve. While we do not expect 
the exponents to be exact, we expect them t o  be suffi- 
ciently accurate12 to provide a fair description of the 
coexistence curve and of the collapse of a chain. 

In section 11, we briefly recall the properties of branched 
chains in good and in 8 solvents. Section I11 is devoted 
to the phase separation at  low temperatures. Finally, in 
the last section, we consider the more general case of a 
polymer made of both bi- and trifunctional units. This 
allows us to look at the crossover to linear-chain behavior 
when the fraction of branching units becomes very small. 

Note that throughout the paper, the free energy will 
always be expressed in units of kBT. 

11. Swelling of Branched Polymers 
(1 )  Purely Branched Chains. Consider a randomly 

branched polymer made of N identical tri(multi1functional 
flexible units of length 1 (which may or may not be satu- 
rated). The statistics of such an ‘‘animal”13 has been 
worked out by one of us8 in the case when no interaction 
is present between units. The result for the radius of 
gyration is 

R~ - ~ 1 1 4 1  (1) 
For the large polymers we consider here and for usual 
dimensions d of space, this unperturbed radius is too small, 
i.e., the monomer density diverges as N(4-d)/4, and one has 
clearly to take into account the interactions between seg- 
ments. 

(a) Good Solvents. Let us then introduce the excluded 
volume parametergJ4 u(T) .  We may write a Flory-type free 
energy for the ~ h a i n : ~ J ~  

R‘ W F = -  + u- 
Ro2 Rd 

where the first term is the elastic contribution and the 
second the excluded volume interaction. Ro and R are the 
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where Y is given by eq 3’ and v, by eq 6’. 
Note that these relations are valid for dimensions less 

than 4 and 3, respectively, when the linear chains are 
swollen. For larger dimensions, which we do not consider 
here, the linear parts are ideal, and one has to get back 
to relation 8. Note also that relations 9 and 10 have the 
right crossover to the linear-chain behavior (within a Flory 
approach) when AN - 1. These relations will be helpful 
when we consider the crossover to linear chains for the 
demixing problem in section IV. 

111. Collapse and Phase Separation 
For temperature belowlg 8, we expect first a 8 regime, 

the width of which decreases with increasing N ,  and then 
a regime of phase separation. We first consider linear- 
chain solutions. 

( 1 )  Two-Dimensional Linear Chains. The following 
considerations are quite general. But as we shall see, they 
lead to predictions widely different from the classical 
Flory-Huggins results only for two-dimensional systems. 
What we wish to do is provide a scaling approach to the 
phase separation process. Of course, this will not allow 
us to give a precise form for the phase separation curve. 
But we can locate the critical point, give a universal form 
for the curve when the molecular weight is varied, and 
predict its shape in the high-concentration region. In order 
to do this, we need to know how the chain crosses over 
from the 8 regime to either the collapsed or the swollen 
state. 

(a) Collapsed State. Let us start with a single chain 
at the 8 temperature. Thus its radius is given by relations 
6 and 7 .  If we now cool the system down, thus making an 
attractiue segmentsegment interaction u( T) ,  the polymer 
eventually collapses. We argue that the crossover from the 
8 regime to the collapsed one occurs when attractive in- 
teraction of the chain is of order KBT. (As long as this is 
not realized, the attractive interaction may be considered 
as a perturbation, and the size of the chain is-apart from 
corrections-basically its 8 radius). Let u, be that value 
of the excluded volume parameter for which the crossover 
occurs. As we will be interested only in temperatures below 
8, we will put 

(11) 

T~ - N-@ (12) 

( 12’) 

4 = 2/(d + 1) (d 53) (12”) 

-u (T )  N id(8 - T ) / e  = dd 

we find 

where 
4 = 2 - veLd 

and, using relation 7 for vgL 

which is one of our central results. This gives rC - N-’IZ 
for d = 3, in agreement with previous re~ul t s .~J l  For d = 
2, we find 

T c  - N-213 ( 12”’) 

It may be observed that in the derivation of eq 12”, we 
used the conventional procedure, which amounts to neg- 
lecting completely the effect of the attractive interaction 
before the crossover, thus extrapolating the unperturbed 
value for the radius a t  the 8 point-cf. eq 7-until the 
crossover. The crossover itself is determined by the im- 
portance of the attractive term that is neglected. The 
latter is supposed to take over beyond the crossover point. 
Thus the whole procedure amounts to extrapolating the 
asymptotic behaviors--8 and collapsed-from both sides 
to determine a crossover point lying approximately in the 

unperturbed and actual radii, respectively. Minimizing 
with respect to R,  we find 

R - N”1 (3) 

(3’) 

This agrees with the 1/4 exponent of the classical theory8 
for large values of d (d  1 8). This result is in good 
agreement with computer simulations3 and is exact for d 
= 3, where an equivalence with an exactly soluble problem7 
has been found. For completeness, we note that a similar 
approach applied to linear chain (Le., Ro - N1f2  instead 
of NI4) leads to the usual Flory exponent for linear chains: 

(4) 

(b) 8 Solvent. Let us now consider the case when the 
excluded volume parameter vanishes: u ( 8 )  = 0. This 
corresponds to a 8 solvent. One has thenZ6s2; to take into 
account the three-body interaction. The free energy may 
be written as 

where 
v = 5/[2(d + 2)] 

vL = 3 / ( d  + 2) 

W 2  AT? 1 L  i v  F = - + w -  
Ro2 R2d 

where w is a positive constant. Minimization leads to 

R - NQl (6) 

= 7/[4(d + l)] (6’) 

Now the classical behavior is recovered only for space 
dimensions larger than d = 6. Note that for linear chains 
this leads to 

(7) 

Relation 7 implies a power law dependence for two-di- 
mensional systems in the 8 regime that appears to differ 
from some recent computer simulations.16 It would be very 
interesting to check this value experimentally, for instance, 
by osmotic pressure measurements in the semidilute range. 

We conclude this part by noting that we expect large 
deviations from mean field results both for actual branched 
polymer solutions (d  = 2,3) and for two-dimensional lin- 
ear-chain solutions. 

(2) General Case. As we will consider the crossover 
from purely branched to linear chains for the coexistence 
curve, let us consider now the behavior of a more general 
chain made of both bi- and trifunctional units.5 Let A2 
be the activity of the branching points during the forma- 
tion of the polymer. We suppose it remains constant 
during the whole process. Then the fraction of branching 
points in the chain has been ~ h o w n ~ . ’ ~ J ~  to be A. The 
average number of bifunctional units between two branch 
points is Then for this general case, we define linear 
blobs, made of g ,  - A-’ elements. Taking these blobs as 
step length allows us to recover to the purely branched case 
we considered above. Let EL be the radius of a linear blob. 
The radius of the polymer is 

R - (N/g.,)”lL (8) 

where tL is related to g, by the usual relations for linear 
chains. In all the following wherever we discuss this kind 
of polymer, we shall always suppose that the linear and 
branched parts have the same 8 point. This will make our 
expressions simpler without altering the essential physics. 
The results are, for a good and a 8 solvent 

vgL = 2/(d + 1) 

R - ~ l ~ - l i i 2 ( d + ~ ) l  (d 5 4) (9) 

R~ - peA1-1~[4(d+1)i (d 5 3) (10) 
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middle of the crossover region. 
For temperatures below r,, the chain is collapsed. In 

order to get its radius, we may use a scaling approach. The 
radius may be written in the general form 

R - l1V2J3f(riW3) (d = 2) (13) 
When its argument is large, f ( x )  behaves as a power law 

f ( x )  - xa (x >> 1) (14) 
where CY is determined by the requirement that the chain 
is collapsed: 

R N lWi2 (15) 
Combining (13)-(15) we get 

R N N1/27-1/41 (16) 
This might be checked by measuring the second virial 
coefficient in surface pressure experiments.20 

An analysis in terms of blobs21,22 provides a more de- 
tailed description: For temperatures not too far below 8, 
we argue that the monomers are locally unperturbed by 
the u interaction. The perturbation is substantial only for 
a “blob” of g monomers such that 

Iulg2-ueLd N 1 

g - 7-312 (17) 

Each blob has a 8 behavior; its size is given by relation 7 :  
x - g2l31 - 7-11 (18) 

The linear chain itself is a condensed ensemble of blobs: 
R - (N/g)li2x (19) 

Replacing g and x by their expressions leads back to re- 
lation 16 

R - ~ 1 2 ~ 4 1 4 1  

We finally note that + is in rather good numerical agree- 
ment with t expansion.25 

(b) Phase Separation. Let us turn now to the coex- 
istence curve when we lower the temperature in a solution 
with a monomer concentration C. As long as we are not 
too far from the 8 point, we may write a scaling form for 
the free energy. For two-dimensional systems it is, per unit 
volume 

F = N-4/3f[CW/3,rW/3] (20) 
where f is an unknown function and the powers of N in 
its argument are just the values of the overlap concen- 
tration in the 8 regime and the crossover value u, calcu- 
lated above. Similarly, the “osmotic” pressure may be 
written as 

(21) 

The expressions above are the most general and are valid 
in all regimes. The spinodal curve and the critical point 
are obtained by differentiating either of these expressions. 

C 
N ir = -g[CN/3,rN2/3] 

For the critical point, we get two relations 
h(CN’/3,rW/3) = 0 (22) 
i(CW/3,7W/3) = 0 (22’) 

where h(x,y)  and i (x , y )  are unknown functions. For our 
purpose here, those two equations are sufficient to de- 
termine the location of the critical point, within some 
multiplicative constant of order unity: 

C, N N-113 (23) 

T, - N-213 (23’) 

T N ’ ’ ~ ~  

Figure 1. Coexistence curve for a solution of two-dimensional 
linear chains. Note that the coordinates are very different from 
the (CLW~,TN/~)  corresponding to the Flory-Huggins theory. The 
high-concentration part of the curve is parabolic: T - C2. 

Note that these expressions differ widely from what would 
be expected in a Flory-Huggins theory, where one would 
get C, - r, - N-lI2 in any number of dimensions. 

Relation 22 also allows us to provide a scaling form for 
the coexistence (or to the spinodal) curve. 

CN113 = F(rN2I3) (24) 

This suggests that using the above coordinates, CN1i3 vs. 
rWl3 should lead to a master curve for a given polymer- 
solvent system, regardless of its molecular weight. 

An important property may be derived from our uni- 
versal form, eq 24, concerning the shape of the coexistence 
curve in the high-concentration regime. In this region, it 
has been arguedll that this shape should be independent 
of the molecular weight of the chains (see also eq 53 and 
discussion). This suggests that in (24), the right-hand side 
has a power law behavior 

F ( x )  - X@ (25) 

the exponent being determined by the requirement that 
the coexistence curve is independent of N. This leads us 
to predict 

r - C2 (26) 

in this high-concentration regime. The resulting curve is 
shown in Figure 1. 

Again, we may note the difference with a Flory-Huggins 
approach, which would give a linear relationship between 
r and C in the high-concentration range. We conclude this 
section by emphasizing the differences we obtain with the 
classical approach. The location of the critical point is very 
different, leading to a very different conjecture about the 
universal coordinates to be used for the coexistence curve. 
The shape of this curve is parabolic rather than linear. 

(2) Branched Chains. As discussed in the Introduc- 
tion, the situation for actual branched polymers (d = 2, 
3) is very much the same as that discussed above for linear 
chains in two dimensions: mean field theory is valid only 
when d = 6, or above, and we expect large deviations for 
usual space dimensions. We use the same scaling approach 
for the description of the coexistence curve. In order to 
do this, we need the crossover values for the concentration, 
Ce*, and the excluded volume parameter u,. The overlap 
concentration is obtained from relation 6, giving the radius 
of the polymer at  the 8 point: 

C,* - N1-4 N(4-3d)/[4(d+l)l  (27) 

The crossover value for the interaction parameter is de- 
scribed by the crossover exponent + 

I U , ~  - N-@ (28) 

which we evaluate in the same way as for linear chain 
above. 
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(a) Collapsed Branched Chain. Let us start with a 
single chain in a 8 solvent and lower the temperature. The 
free energy is, in the Flory approximation 

Macromolecules, Vol. 16, No. 12, 1983 

in the intermediate range, 1-' > q = (4a/X) sin (012) > R-l 
should exhibit a crossover: 

S(q) - 9-1617 1-1 < q c q* (43) 

S(q) - q-3 q* < q < R-' (43') 

where u ( 8 )  = 0, leading to eq 6 for the radius. When u 
becomes negative, there is a growing attractive interaction, 
which makes the chain eventually collapse. Our argument, 
as before, is that this happens when the attractive term, 
evaluated in a consistent way, becomes of the order of the 
thermal energy: 

and thus 
8 + d  (#)=- 

4(d + 1) 

In the following, we will restrict our discussion to the case 
of usual (d  = 3) branched polymers. From (31) we get 

-,,, - N-1111613 (33) 

rc - N-"/lS (34) 

and, supposing -u = -[(T - e)/e]13 d3, this becomes 

When the temperature is not too far from 8, r << 1, we may 
write a scaling form for the radius of the chain: 

R = W/16f[rW1/16] l  (35) 

where the unknown function f (x )  has a power law behavior 
for large x 

f ( x )  - x a  ( x  >> 1) (36) 

The exponent is obtained by the requirement that in this 
regime the chain is collapsed: 

R - wl31 (37) 

R - w/3r-W31 (38) 

As for linear chains, we may define a local-thermal blob 
with g elements and size x .  The behavior inside such a 
blob is the same as in the 8 regime: 

Combining eq 35-37 we get 

(39) 

Both x and g are obtained by a generalization of eq 3 0  For 
IuJ much larger than (ucl, the energy of a blob is of order 
kT, or 

g2 

x3 
u- - 1 

Taking (39) into account, we get 
g N 7-16/11 

- 7-7/11 (42) 

The polymer chain is a collapsed ensemble of blobs: 

R - ( N / d 1 I 3 x  

These predictions, (38) and (42), might be checked by 
neutron scattering experiments on deuterated polymers. 
The above analysis also implies that the scattered intensity 

with 
q* - x-1 (44) 

(b) Coexistence Curve. In order to describe the phase 
separation that occurs when the concentration is not 
vanishingly small, one might use, for instance, a virial 
expansion for the free energy. The important point then 
is to use a renormalized interaction parameter taking into 
account the crossover exponent (#) discussed above:23 

F = - C log C + u'Rd (ir - + GRZd( $)3 (45) N 

where R is the radius of a chain in the 8 regime, relations 
6 and 6', u' = vN4 is the renormalized interaction param- 
eter, and 6 is the renormalized three-body interaction, 
which is a positive constant. For the usual three-dimen- 
sional linear chain, v' is just the Fixman expansion pa- 
rameteP z .  The coexistence curve may be obtained from 
eq 45. Here, as for linear chains, we use a scaling approach. 
The free energy per unit volume may be written as 

where C* is eiven bv relation 27 above. The reader may 
easily checkihat eq"45 has indeed the form 
The coordinates of the critical point are 
successive differentiations of eq 46. 

where eq 47 is the equation for the spinodal 
that anv condition on the free enerev will 

given above. 
obtained by 

(47) 

(48) 

curve. Note 
result in an 

equatio; similar to (47) or (48). Thuswe expect the phase 
separation curve to be also of the same type: 

(47') 

From these equations, one gets easily the coordinates of 
the critical point. For three-dimensional systems, they are 

(49) 

)rcl - N-4 N-11/16 (50) 

Note that again these results are very different from those 
of a classical Flory-Huggins approach (C,  - 7, - N-'/'). 

The coexistence curve, or equally well the spinodal curve, 
is given by eq 47, which may be written as 

Cw116 = K(7N11/16) (51) 

So, for a given polymer-solvent system, the above coor- 
dinates should give a universal curve with a shape inde- 
pendent of the molecular weight of the solute polymer. 
Further, the high-concentration part of the curve should 
be independent of the molecular weight of the polymer in 
a ( 7 , ~ )  diagram. This is obtained from relation 51 by 
supposing that K ( x )  has a power law behavior for large x .  
We find 

C, - Ce* - N-51161-3 
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leading to - 7cL - A 2 / ( d + 1 )  

For values of 7 larger than 7:, the linear blob is also 
collapsed and the temperature blobs are now linear. Re- 
lation 58 then becomes 

R - ( N / g , J 1 i d [ L  (59) 

E L  = k a / g ) ' / d X  (59') 

and 

- g 2 / ( d + l )  

g - 7-(d+1)/2 

Note that combining (59) and (59') leads to the same re- 
lation as for a linear polymer: For temperature below 7,L, 

the radius is the same as for a linear polymer chain. This 
will have consequences on the phase separation curve, as 
shown below. 

(b) Coexistence Curve. It is not possible for the gen- 
eral case to give a simple universal law for the coexistence 
curve. The reason is that we have an extra variable, A, to 
take into account. Thus, the free energy per unit volume 
is of the form 

F = N - ~ e ~ d f [ A N , C N Y e ~ d - l , ~ 1 \ 1 2 - ~ e ~ d ]  (60) 
where yeL = 2/(d + 1) is the 0 exponent for linear chains. 
When AN - 0, the above expression reduces to that for 
linear chains, i.e., eq 20 above, in the two-dimensional case. 
When A = 1, on the other hand, relation 60 goes to that 
for purely branched chains, eq 46. In the more general 
case, we have three variables instead of two before. Thus 
the equation for the coexistence curve may be written as 

G ( m , C N v e L d - l  ,71\12-veLd) = 0 (61) 

which is very general, but of limited use. However, for 
large values of AN, it takes a simpler form: 
F = N - v e d A - ( v e - v e L ) d f [  C'ed-lA(ue-ueLjd 71\12-ved~(ueL-ve)d]  (62) 

which reduces to eq 46 for purely branched chains when 
A = 1, leading to an expression for the phase separation 
curve: 

C N v e d - l A ( u e - u e L ) d  = g [  7 w - v e d L i ( u e L - v e ) d ]  (63) 
In the above expressions, u and ue are the 0 exponents for 
the linear and branched chains, respectively. The reader 
may convince himself that there is an important restriction 
to the use of the above relations: They are valid only if 
C and 7 are small enough; namely, as can be seen on eq 
61, for instance 

< A2-ueLd - 7t (64) 

C < A u e L d - l  - C, (64') 

Let us first consider the critical point, where (63) is valid 
when A is large enough. Then, we get directly the coor- 
dinates of the critical point. Replacing yeL and by their 
expressions, eq 7 and 6', respectively, we get 

(65) 

u, - N-(d+8)/[4(d+l)lA-di[4(d+ljJld (66) 
Note that for A = 1 and A - N-' we recover the branched 
polymer and linear-chain behaviors, respectively (cf. eq 49 
and 50 for d = 3, A = 1, and eq 23 and 23' for d = 2, -1 - 
N - 1 )  . 

The shape of the coexistence curve for concentrations 
larger than C, may be obtained as in the previous sections. 

C, - N ( 4 - 3 d ~ / l ( d + l ) ~ ~ d i [ 4 ( d + l ) l  Id 

Equation 52 may also be recovered by the following simple 
argument: In the dilute regime, where the chains do not 
overlap, the volume fraction occupied by the chain is 

The phase separation occurs when f  reaches some constant, 
independent of N and 7. Taking (38) into account for the 
radius of the chain gives relation 52 for the high-concen- 
tration part of the coexistence curve. 

(3) General Case. Let us now consider the more gen- 
eral case when the polymer is made of both bi- and tri- 
functional units. The total number of units is N a n d  the 
fraction of branching points is A. The size of the polymer 
is given by relations 7 and 8. One important hypothesis 
we make is that both linear and branched parts have the 
same 0 temperature (8 being always defined in the limit 
of infinitely large chains). The overlap concentration is 
obtained from relation 8: 

C * l d  - N(4-3d)/[4(d+l)IAd/l4(d+1)1 (d 5 4) (54) 

which crosses over smoothly from relation 27 when A = 
1 to the proper expression for linear chains in a 0 solvent 
when AN - 1: 

C L * l d  - N ( l - d ) / ( l + d )  

(a) Collapse of a Single Chain. It is important to 
realize that although they have the same 8 temperatures, 
the linear and branched parts of the chain do not have the 
same sensitivity to u. This is simply due to the fact that 
the crossover to the collapsed state depends on the length 
of the chain. The branched parts crossover first for a value 
of u that  is obtained by generalizing relation 30: 

The linear parts collapse for a higher value, related to their 
average length 

(56) 

where #. and g,\ are given by relation 8 and are respectively 
the size and the number of elements in a linear blob. Note 
that (55) and (56) coalesce when AN - 1, when we recover 
the linear-chain behavior. A blob analysis may give some 
further insight: Once the molecule starts condensing we 
may define a thermal blob as above, where the local be- 
havior is 0-like. The number g of elements in such blob 
is obtained by generalizing eq 55, as was done in eq 17: 

g - (-,)-4(d+l)/(s+d)~-d/(E+d) (57) 
and its size 

where tL is the size of the linear blob: 
tL - A - 2 / ( d + l )  

The chain is a condensed ensemble of temperature blobs: 

The above analysis is valid below uc, eq 55, as long as 
the thermal blob is larger than the linear blob. The limit 
for this is reached when both have the same number of 
elements: 

g - g ,  - A-l 
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dence of the radius of gyration in the 8 regime. For space 
dimensions higher than 3 or 6 for the linear or branched 
polymers, respectively, we recover the classical value Cp = 
‘/2 of the Flory-Huggins theory. Below these dimensions, 
we get the following results: 

(1) The coordinates of the critical point are 
7, - N-+ 

C, - N-bed-1) 

with 4 = 2/3 and 11/16 for two-dimensional linear chains 
and three-dimensional branched polymers, respectively, 
and -1 + ved = 1/3 and 5/16 for both cases. 

(2) We suggest a law of corresponding states for solutions 
with different molecular weights: 

c = C f ( 7 / 7 c )  

where C, is defined above and where we have supposed 
that the excluded volume parameter u has a linear de- 
pendence on temperature: u = (T - 8 ) / 8  = 7. Here, as 
usual, 8 may be defined as the limit when N goes to in- 
finity of the critical point of the phase separation curve. 

(3) The high-concentration part of the coexistence curve 
should not show any dependence on molecular weight. 
This leads to 

,., C@/(ued-l) 

for this high-concentration branch. This has been checked 
for linear chains in three dimensions, where Cp = -ved + 
2 = 1/2, leading to a linear dependence. 

This also leads to 
7 - c2 
- ~ 1 1 1 5  

and 

for linear chains in two dimensions and branched chains 
in three dimensions, respectively. 

(4) For the more general case of a randomly branched 
polymer made of both bi- and trifunctional units, in the 
limit of high branching, the critical point is governed by 
the branched points: 

C, - N-5/16A3/16 

7, 
- N-l1/16A-3/16 

for three-dimensional systems. Note that these values 
crossover smoothly to the usual Flory-Huggins estimates 
when N A  - 1, where we recover the linear-chain behavior. 
(For d = 3 and for linear chains, the Flory-Huggins results 
are valid, as we said above.) 

The high-concentration branch of the coexistence curve 
may be divided into two parts, depending on whether the 
linear part of the macromolecule have collapsed or not. 

For small values of 7, the linear blobs still have their 8 
behavior. This leads to 

C - $‘/11A3/“ 

which is valid as long as 171 < 17.1 - All2. 

high-concentration part of the coexistence curve is 
For larger values of 7, the linear parts collapse, and the 

C - 7  
The importance of these two parts depends on A. When 

A = 1, the latter part does not exist. When AN - 1, 7, 

is of the order of 7, and the former part does not exist 
anymore. 
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Figure 2. Coexistence curve for a polymer solution (d = 3) where 
the chains are made of both bi- and trifunctional units. The curve 
may be divided into two parts. The higher part exhibits the 
branched nature of the polymer, while the lower part reflects the 
local linearity. The relative importance of the two arts is gov- 

(for d = 3). The higher part of the curve is almost parabolic: T - C11/5A-3/5, while the lower part is linear. 

However, because of the successive condensations of the 
global branched structure and then of the local linear 
structure, we expect a change in the shape when relations 
(64) are no longer fulfilled. 

When (64) are valid, we may get the high-concentration 
part of the curve by using eq 63 for the coexistence curve. 
We obtain 

(67) 
This equation is valid until 7. only. For lower tempera- 
tures or larger 7, the linear parts collapse, and the coex- 
istence curve should become also independent of A, which 
is related to the length of these linear parts. It is easy to 
check that when 7 - 7., C - C,, from eq 67: 

erned by the fraction A of branch points: C, - A’ P 2, T. - All2 

C - . (3d-4)/(d+8)~d/(d+8) (7 < 7 t )  

C(7*) - L\(d-l)/(d+l) = c, - ?*(d-1)/2 (68) 
and for concentrations higher than C, 

c - 7(d-1)/2 (C > C,) 

exhibiting the fact the linear parts are collapsed. The 
resulting curve is shown in Figure 2 for d = 3. Note that 
when A is varied, both C, and C, vary. When A is de- 
creased, C, decreases faster than C,, and both eventually 
coalesce when AN - 1. Then the whole coexistence curve 
exhibits only the linear-chain “behavior”. 

IV. Conclusion 
We have studied the collapse of a chain and the phase 

separation curve for a polymer solution below the 8 tem- 
perature. The classical Flory-Huggins theory is valid for 
usual (d = 3) linear chains. I t  is also valid for branched 
chains for high space dimensions (d 1 6). In general, it 
is valid whenever 8 chains are ideal. For usual (d = 3) 
highly branched polymer solutions or for two-dimensional 
linear chains, the classical theory does not work, and one 
has to use another approach. A possible way is to use a 
virial expansion for the free energy. One has then to use 
renormalized virial coefficients. In this paper, we followed 
a scaling approach. A crucial parameter is the crossover 
exponent Cp describing the collapse of a single polymer 
chain: Starting from a 8 solution and decreasing the ex- 
cluded volume parameter, the collapse occurs around a 
value 

7, - N-@ 

We have estimated this exponent within the Flory theory 
Cp = -ved + 2 

where vg is the exponent for the molecular weight depen- 
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ABSTRACT: A theoretical study of electronic excitation transport in polymer systems is presented. GYt), 
the time-dependent ensemble-averaged probability that the excitation is on the originally excited chromophore, 
is calculated by using an approach involving a density expansion. It is shown that  this quantity is a direct 
observable in a time-resolved fluorescence depolarization experiment. The effects of the finite volume associated 
with a single polymer coil or a small aggregate in a polymer blend are considered explicitly. Calculations 
are presented for systems having a Gaussian ensemble-average segmental distribution. The influences of density, 
volume, and aggregation are illustrated. Gg(t) can yield reliable information about the local chromophore 
distribution of systems for which a lack of knowledge of the number of excimer traps prevents quantitative 
application of trapping experiments. The approach described here should be particularly valuable in obtaining 
structural information about very low concentration guest polymers in polymer blends and solutions. 

I. Introduction 
In recent years there has been considerable work devoted 

to understanding electronic excitation transport processes 
in polymer systems.' Because of their sensitivity to the 
spatial separation and orientation of chromophores in a 
polymer system, excitation transport observables contain 
detailed information about structural properties, e.g., coil 
configuration and the degree of coil extension. This in- 
formation is of key importance in understanding the mi- 
croscopic interaction of a polymer with its environment, 
and thus the macroscopic properties of polymers and 
polymer blends. 

Recent theoretical and experimental advances have 
provided a detailed picture of incoherent excited-state 
transport among molecules distributed randomly in solu- 
tions or molecular crystals. Accurate theoretical treat- 
ments have been developed that are able to quantitatively 
predict experimental observables for single-component 
systems (donor-donor transport only) and two-component 
systems (donor-donor transport with donor-to-trap 
t r a n ~ f e r ) . ~ - ~  Similar success in understanding energy- 
transport processes in polymer systems has not yet been 
achieved, due to the increased theoretical difficulty of 
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including polymer structure in the problem. 
Chromophores attached to an isolated polymer coil differ 

from independent chromophores in solution in at least two 
important respects. Chromophores in polymer systems are 
not in general randomly arranged but are correlated by the 
covalent bonds that join them. In addition, the finite 
extent of an isolated polymer coil effectively limits the 
number of possible sites that the excitation can sample. 
Therefore previous theoretical approaches that involve the 
thermodynamic i.e., the limit of an infinite number 
of sites distributed in an infinite volume, cannot be applied 
in many cases of interest. 

Excitation transport among coil chromophores depends 
both on local molecular structure and on thermodynamic 
interactions of the coil with its environment. If an indi- 
vidual coil with closely spaced chromophores is dissolved 
in a good solvent, it will assume an extended configuration. 
Then, on the average, the only chromophores near the 
originally excited chromophore will be those most closely 
linked to  it along the polymer backbone. The extended 
geometry makes the probability small that a chromophore 
from a polymer segment far removed along the backbone 
is in spatial proximity to the initial excitation. Thus ex- 
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